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We will consider some heat transfer problems governed by a non-
linear relation introduced by radiation in accordance with the Stefan-
Boltzmann law.

Fhe problems are solved by the method of finite differences which
leads to specific schemes depending on the nonlinear quantities in the
equation or the boundary conditions. Suppose we have the nonlinear
equation
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and the initial condition
u(x, 0) =¢ (x).

We assume that the conditions A > 0 are satisfied and the functions
A,B,f, Ax, Axy are bounded and uniformly continuous with respect to
all the arguments. Moreover, the Lipschitz condition
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is satisfied, where L is a positive number. The function ¢(x) is inte-

grable,
The difference scheme has the form
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where N is determined by the number of points of approximation of
the derivatives. As established in [1], scheme (1) will be stable if its
coefficients satisfy the condition
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where |8] = 7 and the constant M > 0.
Consider the heat transfer equation containing nonlinear terms
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and the conditions
ulx, O =ow(x), u(—I, =ull, )=0.

This problem was discussed in [2] in connection with a study of the
thermal inertia of thermocouples.
In this case we have the difference scheme
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where we set N = 1, since the derivatives are approximated with re-
spect to three points.
We will investigate the stability of the scheme obtained. We have
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we correspondingly obtain
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In this case the stability condition (2) will be
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For its satisfaction it is necessary that
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which holds when A = 1/2.
From the series expansions
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and inequality (4) it follows that M = A = 1/2. Hence the difference
scheme (3) is stable when At/Ax? = 1/2.

We shall now consider a problem with nonlinear boundary condi-
tions [3,4]. We have the linear equation
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and the nonlinear boundary condition
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The initial condition is
ulx, 0)=¢(x).

The difference scheme of this problem is written thus:

Ui g = (1 —20) wy, p + A (Ui, 5 + %1, 8)s

Uy = Uoks Hpk=Up—1. p+ (} ———uz,k) Ax, wo=9. (5)

It is known that a difference scheme with linear boundary condi-
tions is stable if A= At/Ax* = 1/2 [5}. This means that the difference
&1, k between the exact solution of the difference scheme and its ap-
proximate solution at the point (xj,tx) remains bounded or decreases as
k— . Inscheme (5), apart from all the errors of the linear scheme,
there is the error in solving an equation of fourth degree. If we show
that these errors do not increase as k—> «, we will have pgoved the
stability of scheme (5).

Of all the roots of the equation

Un = Un—1k + (1 ""ufl,k)Ax (6)
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we are interested only in that u} j that tends to up.;,k as Ax—> 0. We
will investigate the stability of the difference scheme at this value of
ufy k- We assume that the approximate solution of Eq. (6) has been
found with an error ép, k, so that

u;_k =t p -+ Vg
In this case we have the linear scheme
i kg = (1 — 20 g + A iz + Yierk),
Urk = Uoky Upk=1Unp Opk, Hip= 0 )
Denoting the difference
:‘i.k —Uip = Eip,
we have, subtracting (5) from (7),
k1 == (1 — 2 erp + A it + 5ppp)s
Bk = Eoks  Enk=Onk, &0 =0 (8

The linear difference scheme (8) is stable for A = 1/2, In this case the
inequality

max| e, | KN m’-’:X 18nels
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is satisfied [6], where N > 0.
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Hence it follows that the error &p, k does not increase as k— o and
hence scheme (5) is also stable at A = 1/2.
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